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Abstract 
Nowadays manufacturing companies are coerced to become more flexible to adapt their internal processes quickly and 
economically to the volatile external situations. In this paper, we develop a cost model with respect to the capacity envelope 
concept. Generic flexibility measures are used and described by numerous influence factors and constraints. Furthermore, the cost 
model will be demonstrated as a mixed-integer linear model and is finally integrated in a decision support system for mid-term 
production planning. The resulting problem can be solved with commonly available standard solvers. Finally, we will show 
numerical results from practice. 
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1. Introduction 
Over the past years, companies had to face more 
fluctuations in product demand. [1] In the future, these 
highly volatile environments are more likely to increase 
than to decrease. Level, chase and escalation are 
strategies to cope with fluctuations in demand. Leveling 
decouples production and demand. Production volume 
and capacity are held constant over the time and finished 
goods inventory is used to level capacity requirements. 
The chase strategy implies continuous adaptation of 
s demand. A 
combination of both is called escalation. The production 
capacity is increased or decreased if necessary. [2] 
Whilst levelling creates high capital costs for finished 
goods and the risk of high mark-downs if the sales 
forecast predicted higher demands, the chase strategy 
causes high costs for continuous capacity adaptation, if 
this strategy is viable at all. The hybrid escalation 
strategy balances the above cost trade-off. 
Several additional reasons hinder these strategies 
from existing in pure form in industrial application; for 
example warehousing restrictions such as capacity or 
shelf life of products or limited machining capacities.  
In mid-term capacity planning, a production plan 
based on the internal production capacity is generated in 
order to meet the dynamic forecasted demand. This 
planning step is called aggregate production planning 
(APP) [3]. In practice, it is often done manually and 
iteratively by a planner. 
Typical optimisation models for APP often use one or 
a combination of the following strategies by minimizing 
the total costs over a time horizon [3]: 
 increase and decrease of the production rate through 
overtime and undertime, 
 adjusting the workforce through hiring and laying off 
employees, 
 smoothing and balancing by means of finished goods 
inventory and 
 subcontracting/outsourcing parts of the production 
volume. 
In practice, there are numerous capacity adaption 
measures. 20 generic capacity measures for example, 
have been listed by Morawetz.[4] 
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Although numerous adaption measurers are well 
known in the industrial application, their effects on the 
production cost are often not treated adequately within 
the planning process. Therefore, we propose a decision 
support model using different measures in particular for 
modern industrial companies in high wage countries. 
2. State of the art 
Many contributions in the field of aggregate 
production planning dealt with the development of 
solution algorithms, whereas the proposed models hardly 
model the modern industrial environment 
realistically.[5] Fahimnia[6] proposed a model for 
aggregate production planning including overtime, 
adaption of the workforce level, 
outsourcing/subcontracting, and the deployment of 
inventory policies. Within the workforce model, the 
personnel is divided into experienced and new workers 
with different productivity levels. A continuous time 
production planning model solved by means of a hybrid 
algorithm is presented by Ganesh.[7] Kumar[8] solves 
an aggregate production planning model by means of a 
hybrid algorithm that combines ant colony and genetic 
algorithm. Ramezanian [5] proposes a generic multi-
period, multi-product, multi-machine, two phase 
production planning model. He uses a genetic algorithm 
and tabu search to solve the problem. These models do 
not include working time accounts or the 
implementation of different shift patterns and need 
special solving techniques. A complex and exact 
workforce planning model with non-linear dependencies 
between staff size and production rate is stated by 
Corominas[9]. He also proposed a production planning 
model based on annual working hours[10]. In these 
models the employment of different shift patterns is not 
considered.  
The contribution of the model that is proposed in this 
paper is the implementation of different shift patterns 
including related shift-dependent maximum overtime 
and a work-time account model. In contrast to the 
mentioned models the workforce level in this 
contribution can only be adapted step-wise. This 
assumption regards the fact that the production rate of 
highly automated production facilities cannot be 
increased by hiring single workers but by hiring or firing 
workers to operate a station in another shift pattern. 
Besides the literature on aggregate production planning, 
many authors deal with the challenges of adapting 
production capacity to customer demand in order to 
achieve flexibility. The core idea of the capacity 
envelope model is to adapt the capacity of a production 
system through the application of different capacity 
adaption measures.[11][12] Each measure is described 
by numerous attributes such as minimal or maximal 
installation time, latency from the point when the 
decision is made to the time it is capacity-effective and 
the actual effect on the capacity level that can be 
achieved. 
2.1. General approach for cost modelling 
The determination of the cost parameters of an APP 
model is crucial for the results and is therefore discussed 
in this section.  
A commonly used method for the cost calculation of 
cost objects in practice is the machine-hour rate 
calculation. This method is a based upon full cost 
calculation and therefore causes a deviation between the 
actual costs and the calculated costs whenever the actual 
working duration differs from the estimated working 
duration that builds the basis for the calculation. The 
calculation of a one and a two shift machine-hour rate 
causes also a deviation.[13] 
For marginal cost accounting or process-cost 
accounting standards and numerous recommendations 
exist. These are the reasons for the wide-spread 
application in practice. The linearisation of variable 
costs within these accounting models causes an 
unrealistic representation of these cost effects in internal 
corporate accounting and causes non optimal result 
when applied in decision making processes [14] The 
weakness of these costing systems can easily be 
demonstrated by means of labor costs. Piecework rate is 
dependent from the employment and therefore modeled 
correctly when included in the variable costs. Hourly-
wage cannot be ascribed to the cost object. It is 
dependent from the provided capacity. For a short term, 
this capacity can be considered as fixed, but in a mid or 
long- term view the capacity level and according to this 
the related costs are variable.  
Another model is t
calculation system than an accounting model and 
provides only a mindset. [14] The core idea is to define 
decision relevant reference objects and characterize the 
affected costs of this object. 
Taking this mindset into account a modelling 
approach for the aggregate production planning was 
developed and will be presented in the next section. 
3. Modelling Approach 
In this section we will review common cost drivers 
for flexibility measures. 
Like in common models we also divide costs into 
fixed and variable. Fixed costs are all costs that are not 
affected by use of flexibility measures. All costs that are 
affected by decision made on the strategic level, such as 
leasing of external warehouses or investments in 
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machinery and the associated time-dependent 
depreciation, can be considered as fixed for the APP 
model.  
Costs that are affected by a capacity measure can be 
considered as variable. Within this group the costs have 
to be divided into proportional, step fixed, digressive and 
progressive.  
In the following chapters the relevant costs and the 
cost drivers for particular flexibility measures will be 
discussed. 
3.1. Overtime/Undertime or additional shift/closure days  
In many production facilities, employees have 
flexible labour agreements based upon working-time 
accounts. This allows companies to distribute the total 
number of working hours irregularly over a specific 
reference period. The characteristics of such accounting 
systems depend on legal regulations, collective 
agreements and company agreements. These 
circumstances have a strong impact on the costs of 
overtime and undertime and will therefore be examined.  
Generally, the weekly working hours can be adapted 
within predefined boundaries without the need to pay 
surcharges as long as the work-time account is balanced 
until the end of a certain period. Special regulations can 
allow a company to transfer a positive account balance 
as deposit into the next period. A negative account 
balance cannot be transferred to the next period and is 
set to zero.[15] Additionally, it is possible to exceed the 
upper limit by paying additional surcharges. The 
maximum available overtime per period is usually 
dependent from the work center calendar (weekends, 
holidays), the applied shift pattern and the legal 
boundaries for maximum work-time per day and week.  
To cover the costs of overtime, undertime, additional 
shifts and closure days, a work-time account has to be 
implemented in the model. If the account reaches a limit, 
the model can either use extra shifts, which causes step- 
fixed costs, or single extra hours, which causes extra 
costs proportional to the needed capacity. The relevant 
costs are only those costs that differ from the costs on a 
normal working day, e.g., surcharges for the employees 
or differing cost rates for electricity.  
3.2. Design of shift patterns 
Shift patterns are usually used in highly automated 
production plants or assembly lines. Each work station 
in a production line has a limited capacity within a shift 
and requires a specified number of employees. In order 
to increase or decrease the total available capacity, work 
stations are run according to different shift patterns. 
Personnel costs at a work station are not affected by the 
production quantity, but by the provided operating time. 
Therefore, the corresponding costs are not continuous 
but discrete, for example when changing from one shift 
pattern to the other. Costs for hiring or firing workers to 
change the shift pattern must be calculated and 
considered whenever the shift pattern changes. 
3.3. Outsourcing 
Outsourcing is one of the main flexibility measures. It 
usually depends on agreements between the company 
and its suppliers.  
The costs for outsourcing are proportional to the 
number of sourced products. If outsourcing is done 
occasionally, extra costs for searching and acquiring a 
supplier have to be considered for each time a product is 
sourced. Besides this, companies use framework contract 
where the price per part and certain regulations about the 
volume are described.  
3.4. The finished goods inventory 
One of the most important flexibility measures to 
balance production volume is inventory. The holding 
costs are not only dependent from the value or volume of 
the stored goods, but also on the warehouse structure. 
Internal warehouses have fixed costs (e.g. building, 
maintenance, cleaning, personnel and internal transport) 
as well as variable costs (e.g. capital costs, insurance 
costs per stored unit). The relevant costs for external 
warehousing are usually the capital cost and the cost per 
unit for the storage area. For mid-term capacity planning 
it can be assumed, that the inventory level has little 
effect on the fixed costs and can therefore be neglected. 
4. Model 
In this section we present a mixed integer linear 
programming formulation. Let I denote the set of 
products i I and T the set of finite number of discrete 
time periods ( )t T . Demand is assumed to be 
deterministic and denoted by itd . We let F denote the 
set of plants f F and fL  the set of active production 
lines in every plant f . Each plant f is capable of 
producing a set of certain products denoted by ( )I f . 
Each product i  has been assigned to production lines 
( )l L i where 1F ffL i L L with a production 
capacity consumption of ila . Each production line l can 
be run on s S different shift patterns with cost of sltfcs  
in period t . Overtime cost in production line l on shift 
pattern s  in period t is denoted by sltfco . Changing a 
shift pattern in production line l causes cost of 1fcc . Let 
sftNC and sftOC denote the effective available working 
time and available overtime working for all production 
lines within plant f in period t on shift pattern s after 
extracting maintenance time, respectively. We assume a 
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warehouse within each plant f with storage capacity of 
fW  palettes. Let ib and ifh denote the quantity of 
product  i in one palette and inventory holding cost at 
warehouse of plant f at the end of period t respectively. 
For each product i I we consider a minimum inventory 
level of iss units. Let iuc  and itUK denote the cost of 
outsourcing a unit of product i and total outsourcing 
capacity for product i  in period t . It is also assumed 
that there is not any transportation cost among 
warehouses. 
In order to integrate the working time account into the 
model, we require the following parameters: fol  
indicates a coefficient to calculate the supplemental 
times of overtime in plant f . Furthermore, let fom  
denote the maximum vacation time that can be taken 
from the working time account in plant f in one period. 
Finally, fou indicates the upper limit of a working time 
account in plant f . If the working time account in some 
production line within plant f exceeds the upper limit at 
the end of the planning horizon, it is paid as 
supplemental wage fk . 
The decision variables are defined as follows: 
 
ilstx  Quantity of product i  produced in production line l  on shift 
pattern s  in time period t  
ilsty   Quantity of product i  produced during overtime in 
production line l  on shift pattern s  in time period t  
itz   Quantity of product i  outsourced in period t  
iftI   Inventory of product i  in plant f  at the end of period t  
ifte   Quantity of product i  used from plant f  to fulfill demand 
in period t  
slt   Indicator if production line l  runs on shift pattern s  in 
period t  ( =1) otherwise ( =0) 
slt   Indicator if overtime used in production line l  on shift 
pattern s in period t  (=1) otherwise (=0)  
lt   Indicator if there is a shift change in production line l  in 
period t  (=1) otherwise (=0) 
l   The total supplemental time gained by doing overtime in 
production line l  over planning horizon 
lt   Value of working account in production line l  at the end of 
period t  
lt   Vacation time used from the working account in production 
line l  in period t  
lt   Amount of working account paid as supplement wage in 
production line l  at the end of period t  
 
The resulting optimisation problem is 
 
min C
f
i it l fi I t T f F l L
slt slt slt slts S l L t T
lt l if iftl L t T i I f F t T
uc z k
fco fcs
fcc h I
   (1) 
 
 
Subject to 
 
il ilst sfti I f a x NC   ,  ,  ,    ff F l L s S t T (2) 
il ilst sfti I f a y OC   ,  ,  ,    ff F l L s S t T (3) 
it itz UK                            ,   i I t T (4) 
1ift ift ilst ilst it iftI I x y z e      
0 , , ,     :f ifi I f F l L L i t T I given           (5) 
ift itf F e d              , i I t T  (6) 
ift if F I ss              , i I t T  (7) 
 ift fi I
i
I
W
b
                      , f F t T (8) 
ilst sltx M  , , , , fi I f F l L L i s S t T  (9) 
ilst slty M , , , , fi I f F l L L i s S t T (10) 
1slts S                ,  ff F l L t T (11) 
sft sft        , , , , fi I f F l L L i s S t T (12) 
11, ,0ft slt sltif t    
                 , ,  fs S f F l L t T  (13) 
lt f il ilsti I s Sol a y    , ,  ff F l L t T (14) 
 
 sft slt il ilst f lts S i I f s SNC a x om M
                                              ,  ,  f F l L f t T (15) 
lt f ltom M                ,  ,  f F l L f t T (16) 
lt sft slt il ilsts S i I f s SNC a x  
  1 lt M                        ,  ,  f F l L f t T  (17) 
lt fom                          ,  ,  f F l L f t T  (18) 
01 ( 0)lt lt lt lt l                    , l L t T  (19) 
lt lt fM ou        ,  , f F l L f t T  (20) 
1l lT f lou M                , f F l L f  (21) 
, , , , , ,ilst ilst it ift lt l ltx y z e R                                       (22) 
, , , ,slt ft ft l lt Binary variables                              (23) 
The objective function given by (1) consists of 
outsourcing costs, overtime costs, shift pattern and shift 
change costs, inventory holding costs, and surcharges 
regarding to the overtime. 
Constraints from (2) to (4) indicate capacity 
limitations on normal working time, overtime, and 
outsourcing.  Inventory balance constraints are given by 
(5) and (6). Constraints (7) and (8) demonstrate safety 
stock levels and storage capacities of warehouses.  
Constraints (9) and (10) ensures that productions are on 
active shift patterns and constraints in (11) guarantee 
that only one shift pattern is selected in each period. 
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Constraints (12) ensure that the same shift pattern for 
normal working time and overtime is selected. The shift 
change logic is given by (13). The surcharge of overtime 
lt is calculated by (14). Constraints (15) to (17) 
guarantee that the reduction of the working time account 
at each production line within plant f is smaller than 
fom and the total unused capacity of that production 
line. Constraints in (19) calculate the working time 
account at the end of each period by adding the 
surcharge of overtime of period to the balance of 
working time account at the beginning of period and 
extracting the taken vacation time lt  from the working 
time account during that period. Constraints (20) and 
(21) guarantee that supplemental wages are paid if the 
balance of the working time account exceeds the upper 
limit. Finally, non-negativity constraints and binary 
variables are defined by (22) and (23). 
5. Practical example 
The selected company is a manufacturer of electronic 
components with two plants. Figure 1 shows the 
aggregated production lines 1l , 2l  and 3l . Production 
line 1l within Plant I consists of work stations WS 1 and 
WS 2, production lines 2l and 3l  within Plant II consist 
of WS 1, WS 2 and WS 1, WS 3 respectively. Plant I is 
fully automated and located in a high-wage country. 
Plant II is partially automated and is run with relatively 
cheaper labor costs in comparison to Plant I. 2 products 
are produced. Product A which has relatively high 
demand can be produced in all production whereas 
product B can only be produced in production line 3l . 
 
 
Figure 1: Production lines and product assignments 
The planning horizon is 12 months. Each month is 
considered as one discrete period. Demands for product 
A and B are deterministic and shown in Figures 2 and 3. 
Furthermore, we consider a minimum stock level (safety 
stock) for each product. Additionally, we consider one 
central warehouse with limited storage capacity for both 
plants. Transportation costs are not considered. 
In our example, we set outsourcing costs relatively 
high. Therefore, outsourcing is selected only when the 
production capacity and inventory level cannot fulfill the 
demand.  
Both plants can run on two different shift patterns. By 
the first shift pattern, called 3-shift pattern, plants are run 
with 15 shifts a week and 3 optional shifts on Saturdays 
as overtime. Under the second shift pattern, called 2-
shift pattern, plants are run with 10 shifts a week and 2 
optional shifts on Saturdays as overtime. Furthermore, 
the shift-dependent production costs, fix costs of 
overtimes and surcharges for overtime are determined 
for each shift pattern. For the working-time account, an 
upper limit of 80 hours is given. The account can be 
reduced at most by 20 hours per month. An account 
balance above 80 hours is paid as supplemental wage at 
the end of each period.  
6. Numerical results 
Figures 2 and 3 illustrate the production volumes and 
inventory levels over the planning horizon. We observe 
that the production volumes of product A vary quite 
closely around the demand and consequently the 
inventory level is kept at safety stock. The proposed 
production plan for product B builds up high inventory, 
since the inventory cost of product B is smaller than for 
product A.  
 
 
Figure 2: Trend of quantity of production, inventory, and 
demand for product A 
 
Figure 3: Trend of quantity of production, inventory, and 
demand for product B 
The model suggests building up inventory for product 
B to fulfill its future demand and to release production 
capacity for product A. 
Figures 4 to 6 demonstrate the capacity (abbreviated 
sation and the proposed shift patterns in 
the production lines (PL) over the planning horizon. 
From Figure 4, we observe that in production line 1l the 
shift pattern in the first 3 periods is the 3-shift pattern 
but then changes to the 2-shift pattern. Figures 5 and 6 
indicate that the production lines 2l and 3l run only on a 
3-shift pattern because the cost of running Plant I is 
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relatively higher than Plant II as well as the 3-shift 
pattern causes more costs than the 2-shift pattern. 
Furthermore, since the inventory level at the beginning 
of the first period is not high, in order to fulfill the 
demand in the first periods, it is required that all plants 
run with their maximum capacity. But later, by building 
inventory for product B, more production capacity is 
released in order to fulfill the demand of product A and 
at the same time to keep Plant I running on a cheaper 
shift pattern.  
 
Figure 4: Capacity utilisation and shift patterns in PL 1l  
 
Figure 5: Capacity utilisation and shift patterns in PL 2l  
 
Figure 6: Capacity utilisation and shift patterns in PL 3l  
Table 1 indicates the behavior of the working time 
account. According to the supplemental times ( l ) 
shown in the first row, we observe that the total required 
overtime in Plant I is less than in Plant II. This is 
reasonable since the cost of doing overtime in Plant I is 
higher than in Plant II.  
Table 1: Working time account of PL 1l , 2l , 3l  (in hours) 
    1l     2l     3l   
l   660   810   810  
lt   120   40   120  
lt   460   690   610  
fol   80   80   80  
The second row in Table 1 demonstrates the total 
vacation time which has been taken from the working 
time account, row 3 shows the total surcharge which has 
been paid, and finally, the last row shows the current 
status of the working time account in each production 
line which is reasonably at the maximum level. 
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